2 0 Centre of Gravity

20.1. INTRODUCTION = : ———

e

Definition : The centre of gravity of a body is the point at which the
resultant of the weights of all the panicles of the body acts, whatever may

be the orientation of the body. The total weight of the body may be supposed
{o act at its centre of gravity.

Suppose the particles 4, B, C, ....... of a body have masses m,, m,, my,
...... Let their coordinates in a rectangular cartesian coordinate system be
(. 0. 2). (%, 35, 2).... i, ¥.2).
Then, the coordinates of the centre of gravity G of the body are
— Zmnxn,—_zmnyn,_ Zmnzn,
X = Y=5——1Z= :
> m, > m, > m,
Suppose an element Pof the body has a mass dm (Fig. 20.1) and its coordinates are X, ¥, 2. Then,

T = If’df':=_1:}jxdnz 7=-]:—4Iydm,?=114—]'zdm

Here, the integrals extend over all elements of the body, and
M= I dm = Total mass of the body.

20.2.CENTRE OF GRAVITY OF ARIGHT SOLID CONE oo
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Let ABCrepresent a solid cone of height hand semi-vertical angle a
(Fig. 20.2). The cone may be considered to be made up of a large number
of circular discs parallel to the base. The centre of gravity of each disc
lies at its centre. Therefore, the C. G., of the cone should lie along the axis
AD of the cone.
Consider a disc B, C, of thickness dyat a distance ybelow the vertex
A.If ris the radius of the disc, then
r=ytana
Volume of the disc = Area x thickness = ny? tan? o dy Fig. 20.2
Mass of the disc = dm = ny? p tan? o dy.
where p = density of the cone.
The distance of the C. G. of the cone from the vertex is given by

_ I_y dm _[)hnfp tan’ o dy ) Lhy’ dy
r e Idm *Lhnyzplanzady_ Lhyz dy
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P = W
‘ Therefore, (he C G, of the

cone is along its axis at a distance of 2 h from the vertex.

.3.CENTR
- Let ch AR GRAVITY OF A SOLID HEMISPHERE ==
| et & entre O and density p A

sohd henusphere of radius r, ¢

(Fig- 20.3). Consider an eleme . " R dx
ntarv s : h radius y and thickness
dv, at a distance x from ) T ligm af tha Jvaon Laptiees ¥2 '
r
Volume 1
of the slice = 2 dy = n(P - x?) dx. o c

Mass of the slice - dm = pr (P - x°) dx.
The distance of the C G | of the hemisphere from O is given by

[x dm [xpr(r? - x")dv [(Px-xhax B
 Jam [orn(? =xde [ - 27y

Fig. 20.3

=

|

I
00 | W

~

: : : : 3
Hence, the C. G, of the solid hemisphere is on its axis at a distance -gr from the centre

20.4. CENTRE OF GRAVITY OF AHOLLOWHEMISPHERE

Let ACB be a section of a hemisphere of radius r, centre O and surface density A
p [Fig. 20.4]. Imagine the surface of the hemisphere to be divided into slices like
PQQ,P, by planes parallel to AB. If ZPOC =0 and ZPOQ = db, then

| radius of the ring = r sin 0
! width of the ring = r d®
| Area of the ring = 2nr sin 0. rd®

mass of the ring = dm = 2n/° p sin 0 db.

B

The C. G., of this ring is at the centre of the ring at a distance r cos 6 from O Fig. 20.4
The distance of the C. G., of the hollow hemisphere from O is given by .

|

|

l E. Ix dm Eg(rcosﬂ)anzpsinOdG ffzrsinecosﬁa’l)
X = = = — B

' _[d’" E'“ 2mr°p sin© dO Lﬁ sin 0 40

: x =p/2

' The C. G., of a hollow hemisphere is on its axis at a distance /2 from the centre, i.e., the centre
l of gravity is at the mid point of the radius OC.
{

' 0.5.CENTREOF GRAVITYOFA SOLIDTETRAHEDRON
| Let ABCD be the tetrahedron and G, the centre of gravity of the base BCD (Fig. 20.5). Let h
. bethe altitude of the tetrahedron and p its density. Suppose the tetrahedron is divided into thin slices
' byplanes parallel to the base BCD. Consider one such slice B,C, D, of thickness dx at a depth x below
: BC «x

— T —

; 1 Let § be the area of the triangular base BCD. Then we have, BC h
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If a, and a are the altitudes of triangles B,C,D, and BCD i

respectively,

'II"' s
& ..
e

a X

—

a h

I
Now, areaof AB|C\D, = —2'B'|Cl o

1
Area of ABCD = —Z—BCxa=S.

H Area of AB|C\D;  B,C, X C
o s BE g

Area of AB,C,D, = Sx’/h’
Volume of the slice B,C,D, = Sx?dx/h’
Mass of the slice = dm = pSx?dx/h’
The distance of the centre of gravity of the tetrahedron from 4 is given by
b 2 452 ¥ 3
Ix dm .[o xpSx“dx/h ju xdx 4

i = = =—h

Jam — ["pscam [l xax 4

Hence, the C.G., of a uniform tetrahedron lies at a point G on the line AH such tha
AG GH=23:l.

= EXERCISE XX b3

1. Find the position of C.G., in the following cases: (/) Right solid cone, (/) sohd hemisphere. (/1) hollos
hemisphere and (/v) solid tetrahedron.




Friction

22.1.INTRODUCTION —

Suppose we push 3 bo
and finally stops. Th
contact with another

- = S aErmERas - i e A
S— e e S —— e

. ok along a table, giving it some velocity. After we release it, it slows down
Is indicates tha a force is opposing the motion. Whenever one surface moves in
. a force is generated that tends to retard the motion. This force is called friction.
Friction plays a vital role in our Jife. For example, man is able 10 walk on the road because of

friction between his fee( and the ground. In machines friction reduces efficiency. Lubrication and
ball bearings reduce friction in machijnes.

22.2. STATIC, DYNAMIC, ROLLING AND LIMITING FRICTION =

The frictional forces acting between surfaces at rest with re
of static friction. The maximum value of the frictional force be
limiting friction. The forces acting between surfaces in relatjve
friction. The frictional force between two surfaces when one
friction. 1t is easy to roll a cylindrical body than to slide it. Th
sliding friction. We require more force to start the motion of a b
Thus, static friction is larger than dynamic friction.

spect to each other are called forces
tween two bodies in contact is called
motion are called kinetic (or dynamic)

rolls over the other is called rolling
us, the rolling friction is less than the
ody than to keep it in uniform motion,

22.3. LAWS OF STATIC FRICTION ===

1. The direction of the frictional force is always opposite (o the direction in whic

iends to slide over another.
itude of the force of friction when there is equilibrium between two bodies is jusl

2. The magnit q J
sufficient to prevent the motion of one body over the other. The frictional force attains a maximum
value when one body is just on the point of sliding over the other. The maximum value of the force
of friction is called limiting friction.

3. The magnitude of the force of limiting friction bears a constant ratio (o the normal reaction
between the two bodies. This ratio is called coefficient of friction and is denoted by p. If Fis the
limiting friction and R the normal reaction between the two bodies, then p = F/R - i depends only
on the nature of surfaces in contact, |

4. The limiting friction is independent of the extent and shape of the surfaces in contact,
provided the normal reaction is unaltered. | I |

5. When a body is in motion, the direction of friction is still opposite to the direction of motion

h one body

' of the body and is independent of the velocity. But the ratio of the lorce of friction to the normal
| reaction is slightly less than that when the body is just on the point of motion

e : ' S be
Angle of friction: Let Fbe the force of limiting [riction and R, [!w normal r{;‘m“?ﬁmljﬁjs &
the resultant of these two forces (Fig. 22.1). Then the angle which this resultant force

the normal reaction is called the angle of friction 1t is denoted by A
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Cone of Friction: Consider a cone with the point of ‘i‘)"]-l:\ﬂ N As
of two bodies as the vertex, the normal reaction as axis ant ?'ti e N _%/
vertical angle A. Then the resultant reaction (S) may lie ““yw";w N
within or on the surface of the cone (Fig 22.1). This imaginary ¢¢ NN 13\ .
18 called the cone of Iriction. ——e— o : N, T
Fig. 22.1
22.4. EXPERIMENTAL METHOD FOR DETERMINING COEFFICIENT OF FHICTloN
BETWEEN TWO SURFACES , —

Suppose a body of weight mg is placed on a rough mclgncd
plane (Fig. 22.2) The inclination is increased till a position |'s attan‘ncd
when the body just slides. At this position let the inclination of thf:
plane 1o the horizontal be a. The forces acting on the body are:‘(!)
the weight mg acting vertically downwards, (/1) the normal re.acnon
R perpendicular to the plane and (iii) the force of limiting friction R
acting up the plane. Resolve mg into a component mg sin o down the
plane and a component mg cos o at right angles to the plane. When
the equilibrium is limiting, -

‘ . Fig. 22.2
mg sin o = uR (1)
mgcosa =R (i)
Dividing (i) by (i), tana = p

22.5.EQUILIBRIUM OF A BODY ON A ROUGH INCLINED PLANE ACTED UPON BY
AN EXTERNAL FORCE

Proposition: A body of weight w is in equilibrium on a rough
inclined plane of angle o > A under the action of an external Jorce

inclined upwards at an angle O with the plane. Find the value of P for
limiting equilibrium.

Case 1: Let the body be just on the point of sliding down the
plane. Let P be the magnitude of the external force, applied at an angle
0 with the plane. The forces acting on the body are: (1) The weight
of the body (w) acting vertically down, (ii) The normal reaction (R)
acting perpendicular to the plane (iii) The force of limiting friction Fig. 22.3
(KR) acting up the plane (iv) The external force (effort) P making an

angle 0 with the line of gratest slope of the inclined plane (Fig. 22.3). Resolving the forces parallel
and perpendicular to the plane.

Pcos 0+ pR = wsin a A1)
Psin®+ R =wcos a A2
Multiplying (2) by u and subracting from (1),
P (cos 0 - pu sin 0) = w (sin o — K cos o)
p- w(sinu — Hcosa)
(cos0 - psin 0)

or

But p = tan A, where A is the angle of friction.
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Hence P = yina - nA cosa)  (sinacosh - sinAcosa)
(cosO - tanAsinQ) “’TJSS OcosA - sinAsin0)
p - Wsin(a -2)
— celad)

cos(0 + A)
Case 2: Let the body be just on the point of sliding up the plane. Let P, be the magnitude of
(he external force. In this case, the force of limiting friction (1R) acts down the plane.
Resolving the forces parallel and perpendicular to the plane,
P, cos 0 =wsina+ pR
P, sin0 + R =wcos a

iy wsin(a + A)

Simplifying, we get, P, = m— ..(6)

.(4)
k)

Corollary 1: P is a minimum when cos (0 - A) is maximum /.e., when cos (0 - A1) =1 1.e.,
vhen 0 = A. Hence force required to move the body up the plane will be least when 1t is applied in a
rection making with the inclined plane an angle equal to the angle of friction.

Corollary 2: Letabody be at rest on a rough inclined plane whose inclination to the horizontal
Let it be acted upon by an external force applied parallel to the plane. Here 6 = 0. From (3)

i

a)l.

ind (6),
wsin(a - A)
e D

i COS A
wsin(a + A)
R -

T
‘ cos A

and

o EXERCISE XXII s

I. Define friction. What is the cone of friction ?
Define limiting friction, coeflicient of friction, angle of friction and cone of friction. Show that coe fficient

of friction is related to angle of friction by p = tan A.
3. State the laws of friction. (Madras 1995, 1992)

4. Ablock is placed on an inclined plane of inclination 0. Show that to keep the block at rest, the external

wsin(0 + A) Y
—= where A 15 angle of friction.

Cos A

force P must lie between



